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The excited states in 12C are investigated by using an extended version of the so-called Tohsaki-
Horiuchi- Schuck-Ro¨pke (THSR) wave function, where both the 3α condensate and 8Be+α cluster
asymptotic configurations are included. A new method is also used to resolve spurious continuum
coupling with physical states. We focus on the structures of the “Hoyle band” states, 2+2 , and 4
+
2
states, which are recently observed above the Hoyle state and of the 0+3 and 0
+
4 states, which are
also quite recently identified in experiment. Their resonance parameters and decay properties are
reasonably reproduced. All these states have gaslike configurations of the 3α clusters with larger
root mean square radii than that of the Hoyle state. The Hoyle band is not simply considered to be
the 8Be(0+) + α rotation as suggested by previous cluster model calculations, nor to be a rotation
of a rigid-body triangle-shaped object composed of the 3α particles. This is mainly due to the
specificity of the Hoyle state, which has the 3α condensate structure and gives a rise to the 0+3 state
with a prominent 8Be(0+) + α structure as a result of very strong monopole excitation from the
Hoyle state.
Nuclear clustering is one of the fundamental degrees
of freedom in nuclear excitation [1]. The Hoyle state,
the second Jpi = 0+ state at 7.654 MeV in 12C, as a
typical example of the cluster states, has a long history
ever since it was predicted by F. Hoyle [2] and subse-
quently observed by Cook et al. [3] as a key state in a
synthesis of 12C in stellar evolution. The microscopic
and semi-microscopic cluster models have clarified that
the Hoyle state has the structure of the α particle loosely
coupling in an S-wave with the 8Be(0+) core [4–7], not
like a linear-chain structure of the 3α particles proposed
by Morinaga in 1950’s [8]. In the last decade, however,
the aspect of the α condensate, where the 3α clusters
occupy an identical S-orbit, has triggered a great inter-
est, since the so-called Tohsaki-Horiuchi-Schuck-Ro¨pke
(THSR) wave function [9], which has the α condensate
character, was shown to be equivalent to the Hoyle state
wave function obtained by solving the equations of the
full 3α resonating group method (RGM) or generator co-
ordinate method (GCM) [10].
On the other hand, the excited states of the Hoyle state
have been highlighted by recent great developments in ex-
perimental studies. The second 2+ state (2+2 ), which had
been predicted at a few MeV above the Hoyle state by
the cluster model calculations, was recently confirmed by
many experiments [11–16]. The GCM and RGM calcula-
tions propose that the 2+2 state is built on the Hoyle state
as a rotational member with a 8Be(0+)+α configuration.
Freer et al. quite recently reported a new observation of
the 4+ state at 13.3 MeV, which they consider to com-
pose the “Hoyle band” [17], together with the 0+2 and 2
+
2
states. It is proposed that this band is formed by a ro-
tation of a rigid 3α cluster structure with an equilateral
triangle shape based on D3h symmetry [18, 19], which is,
however, not consistent with the picture of loosely cou-
pled 8Be(0+) + α structure or the 3α gaslike structure.
Besides the 2+ and 4+ states, a 0+ state at 10.3 MeV
with a broad width, Γ ≈ 3 MeV, has been known for a
long time. However, quite recently Itoh et al. decom-
posed the broad 0+ state into the 0+3 and 0
+
4 states at
9.04 MeV and 10.56 MeV, with the widths of 1.45 MeV
and 1.42 MeV, respectively [13]. This observation of the
two 0+ states is consistent with theoretical prediction
done by using the orthogonality condition model (OCM)
combined with the complex scaling method (CSM) and
the analytical continuation of coupling constant (ACCC)
method [20]. This was later on confirmed by another the-
oretical calculation using the OCM and CSM with higher
numerical accuracy [21].
On the other hand, in the antisymmetrized molecu-
lar dynamics (AMD) [22], fermionic molecular dynamics
(FMD) [23], and GCM calculations [6], the observed 0+3
state seems to be missing. The 0+3 state given by the
AMD and FMD, which may correspond to the observed
0+4 state, is dominated by a linear-chain-like configura-
tion of the 3α clusters and is not inconsistent with the
0+3 state obtained by the GCM calculation [6], or with
the 0+4 state in Ref. [20], where [
8Be(2+) ⊗ l = 2]0 con-
figuration is dominant. It should also be mentioned that
the authors in Ref. [20] claimed that the 0+3 state has an
S-wave dominant structure with more dilute density than
that of the Hoyle state. These are also consistent with
the observed decay properties of the 0+3 and 0
+
4 states
that the former only decays into the [8Be(0+) ⊗ l = 0]0
channel and the latter decays into the [8Be(2+)⊗ l = 2]0
channel with a sizable partial α-decay width [24].
In this Letter, we investigate the structures of the posi-
tive parity excited states above the 3α threshold by using
an extended version of the THSR wave function [25] so as
to include 8Be+α asymptotic configurations with a treat-
ment of resonances. In particular, we focus on the “Hoyle
band” (the 0+2 , 2
+
2 , and 4
+
2 states[40]), and the 0
+
3 and
0+4 states, together with the corresponding experimental
data, though we also obtained some other positive parity
2excited states.
The extended version of the THSR wave function is
written as follows:
ΦTHSRJM (B1,B2)
= P̂ JMKA
[
exp
{
−
2∑
i=1
µi
∑
k=x,y,z
ξ2ix
B2ik
}
φ3(α)
]
, (1)
where the φ(α) is an intrinsic wave function of the α par-
ticle, where the (0s)4 configuration of the four nucleons
is assumed with the size parameter b, which is kept fixed
at b = 1.348 fm as almost the same value as at free space.
ξi is the Jacobi coordinates between the 3α particles and
µi = i/(i + 1), for i = 1, 2. This is a fully microscopic
wave function and every nucleons are antisymmetrized
by A. P̂ JMK is a usual angular-momentum-projection
operator. This wave function is characterized by the pa-
rameters B1 and B2, which correspond to the sizes of
the 8Be core and the remaining α particle center-of-mass
(c.o.m.) motion, respectively. In the subsequent calcu-
lations, the axial symmetric deformation is assumed, i.e.
Bi = (Bix = Biy, Biz) (i = 1, 2), for simplicity. We
should note that the case of B1 = B2 results in the orig-
inal THSR wave function, where the c.o.m. motions of
the 3α particles relative to the total c.o.m. position are
condensed into a lowest energy 0S orbit, reflecting the
bosonic feature [26, 27]. Thus this new THSR wave func-
tion is a natural extension of the original version, so that
taking |B1| ≪ |B2| allows for the
8Be + α cluster struc-
ture, deviating from the identical 3α-cluster motion for
B1 = B2. This new wave function still gives gaslike clus-
ter structure, as the original THSR wave function does,
not being featured by the relative distance parameter be-
tween the 8Be and α clusters. It should also be mentioned
that the THSR-type wave functions were recently shown
to give the best description for various cluster states such
as the Ø+α inversion doublet band in 20Ne [28], 3α- and
4α-linear-chain states [29], and 2α + Λ cluster states in
9
ΛBe [30], etc.
For the excited states above the 3α threshold, it is well
known that the application of the bound state approxi-
mation gives accidental mixing between spurious contin-
uum states and resonances. By using the fact that the
root mean square (r.m.s.) radii of spurious continuum
states are calculated to be extremely large within the
bound state approximation, we developed a new method
to remove the spurious components [31]. First we diago-
nalize the operator of mean square radius as follows:
∑
B′
1
,B′
2
〈ΦTHSRJM (B1,B2)|
12∑
i=1
(ri −XG)
2|ΦTHSRJM (B
′
1,B
′
2)〉
×g(γ)(B′1,B
′
2) = 12{R
(γ)}2g(γ)(B1,B2), (2)
where XG is the total c.o.m. position. We then remove
out of the present model space the eigenstates belonging
to unphysically large eigenvalues. By taking the following
bases,
Φ
(γ)
JM =
∑
B1,B2
g(γ)(B1,B2)Φ
THSR
JM (B1,B2), (3)
with γ satisfying R(γ) ≤ Rcut, we diagonalize Hamilto-
nian as follows:∑
γ′
〈Φ
(γ)
JM |H |Φ
(γ′)
JM 〉f
(γ′)
λ = Eλf
(γ)
λ . (4)
For Hamiltonian, we adopt Volkov No. 2 force [32], with
the strength parameters slightly modified [33], as effec-
tive nucleon-nucleon interaction. The cutoff radius is now
taken to be Rcut = 6.0 fm. For diagonalizing the operator
of r.m.s. radius in Eq. (2), we adopt 84 mesh points for
the four-parameter set, B1x = B1y, B1z, B2x = B2y, B2z,
up to around 80 fm. Since the present extended THSR
wave function can include 8Be + α asymptotic form by
taking the large values of the two width parameters B1
and B2, the
8Be + α continuum components, as well as
the 3α continuum components, can be successfully re-
moved by imposing the cut off for the mean square ra-
dius R(γ) ≤ Rcut. The more details will be shown in a
forthcoming full paper.
Although we could not obtain the excited states except
for the 0+2 and 2
+
2 states by using the original THSR wave
function [26], we can now obtain the other observed 0+3 ,
0+4 , and 4
+
2 states by using the present extended THSR
wave function with a treatment of resonances. Since all
these states are resonance states above the 3α threshold,
we then calculate the partial widths of the α particle de-
caying into [8Be(I)⊗ l]J channel, which we simply denote
as [I, l]J , based on the R-matrix theory [34], where we
use the following relations,
Γ[I,l]J = 2Pl(ka)γ
2
[I,l]J
, γ2[I,l]J =
h¯2
2µa
|aY[I,l]J (a)|
2, (5)
where Pl(ka) is the penetrability calculated from the
Coulomb wave functions, and k, a, and µ are the wave
number of the relative motion, the channel radius, and
the reduced mass, respectively. Y[I,l]J (r) is the α reduced
width amplitude (RWA) defined below,
Y[I,l]J (r)=
√
12!
4!8!
〈[ΦI(
8Be), Yl(ξˆ2)]JM
δ(ξ2 − r)
ξ22
φ(α)|Ψ
(λ)
JM 〉,
(6)
where Ψ
(λ)
JM is the eigenfunction in Eq. (4), Ψ
(λ)
JM =∑
γ f
(γ)
λ Φ
(γ)
JM .
The binding energies, which are measured from the 3α
threshold, and α-decay widths of the five states are dis-
played in TABLE I in comparison with the corresponding
experimental data. For the 0+3 and 0
+
4 states, the calcu-
lated energies are slightly higher than those of the ob-
served 0+3 and 0
+
4 states, respectively. However, the cal-
culated α-decay width of the 0+3 state, Γ = 1.1 MeV, is in
3TABLE I: The calculated binding energies measured from the 3α threshold, E−Eth.3α , r.m.s. radii for mass distributions, Rrms,
partial α-decay widths into 8Be(0+) and 8Be(2+) channels, Γ.(
8Be : 0+) = Γ[0,J]J , Γ.(
8Be : 2+) =
∑
l
Γ[2,l]J in Eq. (5), and
total width, Γcal.(total) = Γ.(
8Be : 0+) + 8Be.(
8Be : 2+). The corresponding experimental data are also shown. For the 2+2
state, the experimental data in Ref. [13] and in Ref. [16] are listed at upper and lower rows, respectively. In the calculations
of the α-decay widths, proper channel radii, ranging from 4.5 fm to 9.0 fm depending on decay channels, are adopted. The
observed energies are input in the calculations of the penetration factor Pl(ka) in Eq. (5).
states E − Eth.3α Rrms Γcal.(
8Be : 0+) Γcal.(
8Be : 2+) Γcal.(total)
Exp.
E − Eth.3α Γexp.
0+2 0.235 3.73 7.7 × 10
−6 / 7.7× 10−7 0.3794 8.5(10) × 10−6
2+2 1.62 3.90
0.93 < 10−6 0.93 2.57(6) 1.01(15)
1.1 < 10−3 1.1 2.76(11) 0.800(130)
4+2 3.71 4.51 1.6 0.78 2.4 6.0(2) 1.7(2)
0+3 2.65 4.74 1.1 / 1.1 1.77(9) 1.45(18)
0+4 3.91 4.22 0.53 0.04 0.6 3.29(6) 1.42(8)
good agreement with the observed width Γ = 1.45 MeV.
For the 0+4 state, the decay energy into the
8Be(2+) + α
channel is very small. Therefore the partial width of this
decay channel is very sensitive to the energy position.
In Ref. [24], the authors reported a new peak at 10.8
MeV for the 0+4 state, which decays into the
8Be(2+)+α
channel with a partial width of 0.4 MeV. If we adopt
this energy for calculating the width of the 0+4 state,
the partial decay width is as high as 0.12 MeV, which
is comparable to the experimental data. For the 2+2 and
4+2 states, the calculated energies and widths have rea-
sonable agreement with the corresponding experimental
data. In particular, the α-decay widths of about 1 MeV
for the 2+2 state and about 2 MeV for the 4
+
2 state are
well reproduced by our calculation.
In TABLE I, we also show the r.m.s. radii of the five
states. The r.m.s. radius of the Hoyle state, Rrms = 3.73
fm is the smallest, which still corresponds to very low
density, i.e. (3.73/2.4)3 = 3.8 times lower than that of
the ground state. The 2+2 , 4
+
2 , 0
+
3 , and 0
+
4 states have
4.3, 6.6, 7.7, and 5.4 times lower densities than that of
the ground state, respectively. This means that all these
states have dilute gaslike structures of the 3α clusters,
which are quite different from the rigid-body localized
structure of the 3α clusters.
Next we discuss the nature of the Hoyle band. In
TABLE II, we show the E2 transition strengths and
monopole matrix elements. We can see the very strong
E2 transitions between the 4+2 and 2
+
2 states, and be-
tween the 2+2 and 0
+
2 states. The transitions between
the 2+2 and 0
+
3 states and between the 2
+
2 and 0
+
4 states
are three times and ten times weaker than the one be-
tween the 2+2 and 0
+
2 states, respectively. This allows us
to consider the 0+2 , 2
+
2 , and 4
+
2 states form a rotational
band, though the B(E2; 2+2 → 0
+
3 ) = 104 e
2fm4 is still
strong enough, so that the 0+3 state may influence the
band nature.
In FIG. 1, the calculated energy levels are plotted as a
TABLE II: The calculated E2 transition strengths B(E2) and
monopole matrix elements M(E0) in units of e2fm4 and fm2,
respectively. The observed data are also shown for the four
transitions at the right column.
Cal. Cal. Exp.
B(E2; 2+2 → 0
+
2 ) 295 B(E2; 2
+
1 → 0
+
1 ) 9.5 7.6(4)
B(E2; 4+2 → 2
+
2 ) 591 B(E2; 2
+
1 → 0
+
2 ) 0.97 2.6(4)
B(E2; 2+2 → 0
+
3 ) 104 B(E2; 2
+
2 → 0
+
1 ) 2.4 0.73(13)
B(E2; 2+2 → 0
+
4 ) 27.4 M(E0; 0
+
2 → 0
+
1 ) 6.4 5.4(2)
M(E0; 0+2 → 0
+
3 ) 34.5
M(E0; 0+2 → 0
+
4 ) 0.57
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FIG. 1: (color online). The observed energy levels for the 0+3 ,
0+4 , and 2
+
2 states in Ref. [13], and the 2
+
2 [16] and 4
+
2 [17]
states are denoted by black circles and black squares, respec-
tively. The calculated energy levels for the five states are
denoted by red dias.
4function of J(J+1), together with the experimental data.
We can say that roughly the 0+2 , 2
+
2 , and 4
+
2 states both
in theory and experiment follow a J(J + 1) trajectory.
However, the Jpi = 0+ bandhead in experiment seems to
be fragmented into the Hoyle state and the 0+3 state, and
the calculated levels also have similar tendency, where
the Hoyle state is located slightly below the J(J + 1)
line. This indicates that this Hoyle band is not a simple
rotational band.
TABLE III: The S-factors S2[I,l](J
pi) defined in Eq. (7) for the
five Jpi states.
Jpi S2[I,l](J
pi)
[I, l] [0, 0] [2, 2] [4, 4]
0+2 1.85 0.13 0.04
0+3 1.09 0.06 0.03
0+4 0.25 1.47 0.05
[I, l] [0, 2] [2, 0] [2, 2] [2, 4] [4, 2] [4, 4]
2+2 1.24 0.53 0.07 0.03 0.08 0.02
[I, l] [0.4] [4, 0] [2, 2] [2, 4] [4, 2] [4, 4]
4+2 0.88 0.24 0.65 0.06 0.02 0.02
We show in TABLE III the calculated S-factors of the
α+ 8Be components, which can be defined below,
S[I,l](J) =
∫
dr
(
rY[I,l]J (r)
)2
. (7)
We can see that except for the 0+4 state, all the states
have the largest contribution from the [0, J ]J channel.
This supports the idea of 8Be + α rotation for the Hoyle
band, where the 8Be core is in the 0+ ground state.
On the other hand, the Hoyle state is considered to be
the 3α condensate state, where the 3α clusters mutually
move in an identical S-wave. Since the ground state of
8Be is composed of weakly interacting 2α clusters cou-
pled loosely in a relative S-wave, it is natural that the
Hoyle state, with the α condensate structure, also has
a large overlap with the 8Be(0+) + α structure. This is
the same situation as for the 4α condensate state in Ø
discussed in Refs. [35, 36], which has a large overlap with
the 12C(0+2 ) + α structure.
However, the 3α condensate structure in the Hoyle
state is not the same as the usual 8Be(0+)+α rotation, in
which the remaining α cluster orbits outside the 8Be core.
Namely in the Hoyle state, the remaining α cluster also
orbits inside the 8Be core and the independent 3α-cluster
motion in an identical 0S-orbit is realized. As a result,
the Hoyle state gains an extra binding, and hence its en-
ergy position is considered to be made lower than the
J(J+1) line, as shown in FIG. 1. The same effect is also
argued in the study of the 4α condensate and 12C(0+2 )+α
rotational band [37, 38], where the 4α condensate is men-
tioned as “complete condensate” and the 12C(0+2 ) + α
state as “local condensate”. Due to the existence of the
“complete condensate”, a higher 0+ excited state, which
has the prominent 8Be(0+) + α structure, with the re-
maining α cluster orbiting outside the 8Be core, appears
as a higher nodal state, that is the 0+3 state. In fact, we
can see in TABLE II that the 0+3 state is strongly con-
nected with the Hoyle state by a monopole excitation.
The calculated strength M(E0; 0+2 → 0
+
3 ) = 35 fm
2 is
much larger than the other transitions, in spite of the
fact that the E0 strength between the Hoyle and ground
states M(E0; 0+2 → 0
+
1 ) = 6.4 fm
2 is still strong enough
as to be comparable to the single nucleon strength [39].
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FIG. 2: (color online). The RWAs of the [I, l]J = [0, 0]0
channel, Y[0,0]0(r) in Eq. (6), for the 0
+
1 , 0
+
2 , and 0
+
3 states.
In FIG. 2, the RWAs of [0, 0]0 channel for the 0
+
2 and
0+3 states are shown together with that for the ground
state. While the RWA for the ground state has two nodes,
that for the 0+3 state has four nodes and for the Hoyle
state the nodal behaviour almost disappears and only a
remnant of three nodes can be seen as an oscillatory be-
haviour. Since the outmost nodal position corresponds
to a radius of repulsive core between the core 8Be and
the α cluster, due to the effect of the Pauli principle, the
disappearance of the nodes for the Hoyle state indicates
a dissolution of the 8Be core, and hence formation of the
3α condensate. On the other hand, the 0+3 state, which
is excited from the Hoyle state by the monopole tran-
sition, recovers the distinct nodal behaviour and, with
one additional node, forms a higher nodal 8Be(0+) + α
structure.
In TABLE III, the 0+4 state is shown to have the com-
ponent of [2, 2]0 channel dominantly, which gives a rise
to non-negligible partial decay width into this channel,
consistently with the experimental information, as men-
tioned above. We also mention that the 2+2 state also
includes non-negligible mixture from the [2, 0]2 channel
and 4+2 states from the [2, 2]4 channel and smaller amount
from the [4, 0]4 channel. These mixtures also deviate the
2+2 and 4
+
2 states from a pure
8Be + α rotational struc-
ture. We will discuss this point of view in a forthcoming
paper.
In conclusion, the use of the extended THSR wave
5function allows us to obtain the wave functions of the
Hoyle band and 0+3 and 0
+
4 states, which are recently con-
firmed by experiments. The calculated α-decay widths
and the decay properties of these states are in good
agreement with the experimental data. All these states
are shown to have large r.m.s. radii and hence gaslike
3α-cluster structures. The 0+2 , 2
+
2 , and 4
+
2 states are
not considered to form a simple 8Be(0+) + α rotational
band, due to the specificity of the Hoyle state with the 3α
condensate feature, which allows the 0+3 state to have a
prominent 8Be(0+)+α structure as a result of the strong
monopole excitation.
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